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We prove relative asymptotic for the ratio of two sequences of multi- 
ple orthogonal polynomials with respect to Nikishin system of measures. 
The first Nikishin system A/"(d, ■ • ■ , 0m) is such that for each k, a k has 
constant sign on its compact support supp(afc) C K consisting of an in- 
terval Afc, on which \a' k \ > almost everywhere, and a discrete set with- 
out accumulation points in M \ Afc. If Co(supp(<7fc)) = Afc denotes the 
smallest interval containing supp(o-fc), we assume that A^ PI Afc + i = 0, 
k = 1, . . . , m — 1. The second Nikishin system Af(n (Tl,...,7" m (7 m J is a 
perturbation of the first by means of rational functions r&, k = 1, . . . , m, 
whose zeros and poles lie in C \ L) k n =1 Ak- 

Keywords and phrases: Multiple orthogonal polynomials, Nikishin systems, 
relative asymptotic. 
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1 Introduction 

Let cti, 02 be two finite Borel measures, whose supports supp(eri), supp(<72) are 
contained in non intersecting intervals A 1; A2, respectively, of the real line R. 



This expression defines a new measure whose support coincides with that of o\ . 
Whenever we find it convenient we use the differential notation of a measure. 

Let S = (01, . . . , <r m ) be a system of finite Borel measures on the real line 
with compact support. A fc denotes the smallest interval containing the support 
of CTfc. Assume that Afc n A^+i =0, k = 1, . . . ,m — 1. By definition (see [8]), 
S = (si, . . . , s m ) = A/"(£) is called the Nikishin system generated by E if 

Sx = <7i, S2 = (<7l, CT2), • • • i S m — ((7i, (02, . . . , a m )) — ((7i, (72, ... , CT m ) . 

In the sequel, (cti, . . . , a m ) will always denote a system of measures such 
that for each k = 1,. .. ,m, o~k has constant sign on its support (the sign may 
depend on k). We will write (si, . . . , s m ) = A/"*(<7i, . . . , <7 m ), if additionally for 
each fc = 1, . . . ,m, supp(<7fc) c K consists of an interval A fc , on which \o~' k \ > 
almost everywhere, and a discrete set without accumulation points in R \ A fc . 
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Finally, (Si, . . . ,s m ) — N{pi<7\, ■ ■ ■ ,p m cr m ), denotes a Nikishin system where 
the Pk,k = 1, ... ,771, are monic polynomials with complex coefficients whose 
zeros lie in C \ U^^A^. 

Let (si, . . . , s m ) = 7V(ci, . . . , a m ) and Q n (resp. Q n ) be the monic polyno- 
mial of smallest degree (not identically equal to zero) such that 

= J x u Q n {x)ds k (x) , v = 0, . . . ,rik - 1 , k = 1, . . . , m , (1) 

= J x u Q n (x)ds k (x) , i/ = 0,...,rafc - 1, k=l,...,m, (2) 

where n = (m, . . . , n m ) £ Z" 1 . Set |n| = ?7i + • • • + n m . 

In [7] (see also [5]), we studied the ratio asymptotic of sequences of multiple 
orthogonal polynomials with respect to a Nikishin system of measures with 
constant sign extending to this setting the Rakhmanov-Denisov theorem on 
ratio asymptotic of orthogonal polynomials on the real line (see [5], [5], and 
Proposition 13.21 below). Here, we find the asymptotic behavior of sequences 
formed by quotients of the form Q n /Q n . 

Given the collection of polynomials (pi, . . . ,p m ), we define 

Z™(©;pi, . . . ,p m ) = {n £ Z™ : j < k => n k + deg(p j+1 ■■■p k ) < n, + 1} . 
In particular, 

Z+ (©) = {n € Zip : j < k ^ n k < nj + 1} . 

A point Zq £ C is said to be a 1 attraction point of zeros of a sequence of 
functions {^n}, n £ A C Z" 1 , if for each sufficiently small e > there exists ./V 
such that for all n £ A, |n| > N, the number of zeros (counting multiplicity) of 
ip n in {z : \z — zq\ < e} is 1. A set E is an attractor of the zeros of {<p n }, n e A, 
if for each e > there exists No such that |n| > A*o, n £ A, implies that all the 
zeros of ip n lie in the e neighborhood of E. Our main result states: 

Theorem 1.1. Let S = N*(u\, . . . , a m ) and A C Z" 1 (©;pi, . . . ,p m ) be a se- 
quence of distinct multi-indices such that for all n £ A, n\ — n m < C, where C 
is a constant. Then 

lin } = T ^V\, ■••,Pm), AT C C \ supp(ai) , (3) 

uniformly on each compact subset K of C \ supp(<7i) 7 where T is analytic and 
never vanishes in C\ Ai. For all sufficiently large |n|,n £ A, degQ n = |n|. 
supp(cri) is an attractor of the zeros o/{Q n }, n £ A, and each point in supp(tJi)\ 
Ai is a 1 attraction point of zeros of {(5 n },n £ A. When the coefficients 
of the polynomials p kl k — 1, . . . , m, are real, the statements remain valid for 
AcZ™(©). 
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An expression for T{z\p\^ . . . ,p m ) is given in (|4"2")) at the end of the proof 
of Theorem 11.11 in section 4 below. In the sequel, any limit following the nota- 
tion used in ^ stands for uniform convergence on each compact subset of the 
indicated region. 

The paper is organized as follows. Sections 2 and 3 contain auxiliary results 
needed for the proof of Theorem 11.11 Section 4 is dedicated to its proof and 
deriving several consequences. For example, we show that the same result is 
valid if we modify the measures in the initial system by rational functions instead 
of polynomials. These results allow to extend the Rakhmanov-Denisov theorem 
on ratio asymptotic to the sequence {Q n }, n e A. In sections 5 and 6 we study 
the relative asymptotic of an associated system of second type functions and 
their zeros. 

2 Some lemmas 

Obviously, Z™(©;pi, . . . ,p m ) C Z™(©). If n £ Z™(©), it is well known that 
there exists a unique polynomial Q n of degree < |n| satisfying the orthogonality 
relations expressed in |T]). Moreover, Q n has exactly |n| simple zeros which lie 
in the interior of Ai (for example, see [5]). 

Let us express the orthogonality relations ([2]) satisfied by the polynomials 
Q n in terms of the measures in the initial system. 

Lemma 2.1. For each k = 1, . . . , m, we have 



where Ikj is a polynomial of degree deglkj < deg(pj+i • ■ -pk) — 1, j < k, and 
Ik.k = !■ In particular, if n £ Z" l (©;pi, . . . ,p m ), then 



= / x u Q n (x)(p 1 ■ ■ ■ p k ){x)ds k {x) , v = 0, . .. ,n k - 1 , k = l,...,m. (5) 



Proof. To prove ((4J, we proceed by induction on m, the number of measures 
which generate the system. For m = 1, ^ is trivial, since sj. = Pi<Ji = p\S\. 
Assume that ([4} is true for any Nikishin system with m — 1 > 1 generating 
measures and let us prove it when the number of generating measures is m. 

Fix k £ {1, . . . , m}. By definition, 



Consider the Nikishin system Af {j>20~2, ■ ■ ■ ,PkO~k) which has at most m — 1 gener- 
ating measures. By the induction hypothesis, there exist polynomials h 2 , ■ ■ ■ , h k , 
deghj < deg(pj + i ■ ■ - pk) — 1, h k = 1, such that 

(p 2 02, ■ ■ ■ ,Pk<Jk) = P2h 2 <72 H h (P2 • • -Pk)hk{0-2, ■ • ■ , CTfc) • 

Inserting this relation above, we have 



Sk = Pilk,isi +piP2h,2S2 H 1- (pi ■ ■ -Pk)lk,kSk , 



(4) 




Sk = (PlO-1, ■ ■ ■ ,PkO-k) = (PlCl, (p 2 CT2, • ■ • ,PkO-k)) ■ 



Sk = (pio-i,P2h 2 o-2) H 1- (pio-i, (p 2 ■ ■ -Pk)h k (o-2, ■ ■ ■ ,<J k )) ■ 



(6) 
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Given two measures a a ,ap 1 and a polynomial h, notice that 
d(a a ,haf3){x) = / — — da a {x) = 

h* {x)da a (x) + h(x)d(a a , ap)(x) , 

where degh* = degh — 1 . Making use of this property in each term of ©, it 
follows that 

Sk = Pi[(p2h 2 )* H h (P2 ■ ■ -Pkhk)*]^! + {P1P2) h 2 ((Ti,(j2) H 

+ (pi ■ ■■Pk)hkWi, ■ ■ ■ ,0-fe) , 

which establishes (g]). 

Using ([J| and the orthogonality relations @ satisfied by Q n , it follows that 
for each k € {1, . . . , m} and v = 0, . . . , nk — 1, 



= 



/ x"Q n (x)ds k (x) = / x 1/ ; fcj (a:)Q n (x)(pi • • ■ p j )(x)ds j (x) . (7) 



In the rest of the proof we assume that n € Z? (©;f>i, ■ ■ ■ ,p m ). When fe = 1 
the last formula reduces to ©• Suppose that (JSJl holds up to A: — 1,1 < k — 1 < 
r7i — 1, and let us show that it is also satisfied for k. 

Let j £ {1, . . . , k — 1} and < v < rik — 1, then 

7/ + degZ fc j < n k - 1 + deg(p J+ i ■ • -p k ) - 1 < rij - 1 . 
Therefore, according to the induction hypothesis 



a; iy ?fe,i(^)Q n (^)(pi • ■•pj)(a:)dsj(a;) = 0, 

and ([7]) reduces to |(SJ) for the index fc. With this we conclude the proof. □ 
Lemma 2.2. Lei n € Z" l (©;pi, . . . ,p m ). Then, for each k — 1, . . . ,m, 

= J x u Q n (x)(p 1 ■ ■ ■p m )(x)ds k (x) , v = 0, ...,n k -deg(p k +i---p m )-l. (8) 

Proof. In place of a; w we can put in ([5]) any polynomial of degree < n k — 1. 
So, replacing x" by ^(pfc+i • • -p m ) we obtain ([8]). □ 

Our next objective is to express the multiple orthogonal polynomials of the 
perturbed system in terms of multiple orthogonal polynomials of the initial 
system. 

Let n S Z™(©;pi, . . . ,p m ) and consider the multi-indices 

= (tt-i - deg(p 2 ■ ■ -Pm) + j, n 2 - deg(p 3 • • -p m ), . . . , n m ) , j > . 
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It is easy to verify that 

nj'SZfd), 3>0. 

Therefore, degQ nj = \iij\ and all its |rij| simple zeros lie on Ai. Moreover, for 
each j > and k — 1, . . . , m, 



= j x v Q nj (x)ds k (x) , v = 0, .. .,n k - deg(p fe+ i • • -p m ) - 1. (9) 

Lemma 2.3. Let n e Z+(®;pi, . . . ,p m ) and sei R n — Q n Pi ■ ■ 'Pm- TTiene exist 
unique constants X n ,j,j =0,...,N, such that 

N 

Rn = Y, X "dQ«ii N = deg(p lP l---pZ). (10) 

//j' is such that degR n = degQ nj , then A n .j< = 1 and A nj = 0, j'+ 1 < j < iV. 
In particular, X n< N = 1 */ onZj/ if degQ n = |n|. 

Proof. Since degi?„ < |n| + deg(pi • • -p m ), and {Q„ 3 },j = 0, . . . , AT, 
has representatives of all degrees from |n| — deg(p2p| • • 'P™" 1 ) up to |n| + 
deg(pi • • -p m ), there exists a unique system of constants X n ,j,j — . . . , N, such 
that 

N 

deg(i? n - 5> n>j Q nj ) < |n| - deg(p 2 p§ . . >p *j-i) _ i . 

3=0 

From ©-© it follows that 

N 

Rn — y X n jQ nj = , 

3=0 

which is (fTO)) . The rest of the statements follow because R n is monic. □ 
Let n € Z™(©;pi, . . . ,p m ). Define recursively the functions 

Rnfl{z) = Rn(z), Rn,k( z ) = ( ~-~-da k (x), k = l,...,m. (11) 

J z - X 

In deriving ©, we lost some orthogonality relations. We will recover them in 
the form of analytic properties of the functions i? nj fc, fe = 0, . . . , m — 1. 

Lemma 2.4. Fix n G Z" l (©;pi, . . . ,p m ). The following relations take place: 
If Zi is a zero of p\- ■ ■ p m of multiplicity t\, then 

R \ « 



tti i \zi)=[j£-J (zi) = Q, i = 0,...,n-l. (12) 
J/ zj. is a zero of p k ■ ■ ■ Pm, k = 2, . . . ,m, of multiplicity r k , then 

R%-i(zk)=0, i = 0,...,u-l. (13) 
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Proof. The zeros of p\ ■ ■ -p m lie in C\Ai, and those of Q no in Ai. Therefore, 
f2 n has a zero at z\ of multiplicity greater or equal to t\ which implies (|12[) . 
For simplicity, first we will prove (| 13[) for k = 2. By definition 



Hn,l(*)= / ^U^*)- 
J Z — X 



Therefore, for each i > 0, 

< ) 1 (z) = (-l)^! | ^ ^(x), zeC\A 1 . 
If Z2 is a zero of p 2 • • 'Pm of multiplicity T2, using ([5]) with k — 1 we have that 

y (z2-3:) j+ (*) = Tj , « = 0, . . . , t 2 - 1 , 



which is (|13|) for k — 2. The proof of the general case uses basically the same 
arguments. 

Consider the functions 



*n,fc(*)= / ^W*), 

7 2 - a; 



fc = 1, 



Notice that $ n i = i? n .i. For each i > 0, 



It is easy to verify that for each k = 2, . . . , m, 

#nOEi)Oi - Xfc)do-i(xi) • --dakixk) 



(z - a;i)(ari - x 2 ) ■ • • (a^-i - - arfe) 
Taking x\ — Xk = X\ — xi + • ■ ■ + x^-i — Xk, it follows that 

fc-i 

Rn,Uz) = (-l^-^^+^i-iy-^^iz^tiz), z e C\(ur =1 A t ) , (14) 

1=1 

where tf^k = (cr fc , cr fe _i, . . . , 07+1). If z k is a zero of p k ■ ■ -p rn of multiplicity 
i"fe(< Tfe-l < ••■ < 72)7 using we obtain that for each I = 2,...,k and 
i = 0,...,T fe - 1, 

J (z fc - ' ' , - P '- 1 H a; ) rfs '-U X ) = • ( 15 ) 

Now, dT3|) is a consequence of (fT4]) (with k replaced by k — 1), and (|15p . With 
this we conclude the proof. □ 
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3 Known asymptotic properties 

For each n £ Z™(©), define recursively the functions 

*n,o(*) = Q„(*), *n.fc(z) = f^^-d<j k (x), k = l,...,m. (16) 

7 z-x 

In Proposition 1 of [6] it was proved that for each n = (m, . . . ,n m ) £ Z™(©), 
fc = 1, . . . , m, and k < k + r < m, 

$> n ,k-i(t)t v d(crk, ■ ■ .,o-fe+r>(*) = 0, 1/ = 0, .. . ,rifc +r - 1. 

From here, the authors deduce that ^n.fc-ij k — 1, . . . ,m, has exactly N n< k = 
nj; + • ■ ■ + ra m zeros in C \ Afc_i, that they are all simple, and lie in the interior 
of A/.. Let Q nt k be the monic polynomial of degree iV n ^ whose simple zeros 
are located at the points where VPn.fc-i vanishes on and let Q n _ m +i = 1. In 
Proposition 2 (see also Proposition 3) of [6] the authors show that 

s^fc-ifr) . =0, i/ = 0,... 1 JV n , fc -l > fe = l,...,m. (17) 

Set 

H n ,k{z):= — , fc = l,...,m + l, 

Qn,k\ z ) 

(H n ,i(z) = 1). It is well known (see (50) in [4]) and easy to verify that 

H a , k+1 (z) = — ; - n , fe=l,...,m. (18) 

From (fTT|) , we have that for each multi-index n = (rii, . . . ,n m ) £ Z!?(©) 
there exists an associated system of polynomials 

m 

{Qn,fe}fcLi, degQ n! fc = ^ n a =: N n ^, Q n ,o = Qn,m+i = 1- 
For each k — 1, . . . , m, they satisfy the full system of orthogonality relation 

E <9n,fe(x)— r --r TT =0 ' ^ = 0, . . . ,iV n , fc - 1, (19) 

with respect to varying measures. Notice that H n j~ and <3 n ,fc-iQn,fc+i have 
constant sign on A&. 

Let e n! fc be the sign of the measure H nt k(x)dak(x)/Q nt k-i{x)Q n .k+i(x) on 
supp(crfc). For each k = 1, . . . , m, set 



K a , k =([Qi, k (x)£** 



£n,kHn t k(x)da k (x) x ' 



(x)Q n ,k+l(x) 



(20) 
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Take 

^n,0 = 1 ) Kn,t 



Define 

9n,fe = Kn,fcQn,fc , K.k = K l,k-l H n,k , k=l,...,m. (21) 

From (E 



^Q n , fc (x) n £n ' fc/ln ; fc ^ )rf<7fc( ^, =0, i/ = 0,...,JV n ,*-l, fc = l,...,m, 

and with the notation introduced above it follows that q n ^ is orthonormal with 
respect to the varying measure 

£n,khn.k{ x ) dcr k(x) , , \ 



Qa,k-l{x)Qa,k+l{x) 

In Lemma 3.3 of [7] (see also Corollary 3 in [3]) we proved 

Proposition 3.1. Let S — J\f*(ai, . . . ,<r m ) and A C Z™(©) oe a sequence of 
multi-indices such that for all n G A, rt\ — n m < C, where C is a constant. 
Then, for each fixed k = 1, . . . , m, we have 

lira e nM h nM+1 (z) = 1 , K c C \ supp(o- fc ) , (22) 



where [ajt, bk] — A/-. TTie square root is taken so that \J [z — bt){z — Ofe) > /or 
z = x > 6fe. supp((Tfe) is an attractor of the zeros of {Q n ,fc},n S A, and each 
point o/supp(crfc) \ Afe is a 1 attraction point of zeros of {Q n . k },n € A. 

In the proof of our main result, we use the asymptotic behavior of the poly- 
nomials Q n ,fc, k = 1, . . . , m, and the functions ^n,*;, k = 1, . . . , m, when n runs 
through a sequence of multi- indices A C Z" l (©). In order to describe these 
asymptotic formulas we need to introduce some notions. 

Consider the (m + l)-sheeted Riemann surface 



n = Q n k , 



fc=0 

formed by the consecutively "glued" sheets 

ft :=C\Ai, K k := C\{AfcUA fe+ i}, k = 1, . . . ,m-l, ft m = C\A m , 

where the upper and lower banks of the slits of two neighboring sheets are 
identified. Fix I £ {1, ... , m}. Let t/j"\ I = 1, . . . , m, be a single valued rational 
function on 1Z whose divisor consists of a simple zero at the point oo^ ^ G 7Zo 
and a simple pole at the point oc") G IZi- Therefore, 



i/>W(z) = d/z + 0(l/z 2 ) , z - oo<°> , ^ l \z) = C 2 z + 0(1) , z 



00« 
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where C\ and C2 are constants different from zero. Since the genus of 1Z equals 
zero, such a single valued function on 1Z exists and it is uniquely determined 
except for a multiplicative constant. We denote the branches of the algebraic 
function ip"', corresponding to the different sheets k = 0, . . . , m of TZ by 

We normalize i/j^ so that 

m. 

JJl^MNl. C ie R\{0}. (23) 

k=0 

Certainly, there are two verifying this normalization. 

Since the product of all the branches IlfcLo ^k 1S a single valued analytic 
function in C without singularities, by Liouville's Theorem it is constant and 
because of the normalization introduced above this constant is either 1 or — 1. 
Since i/> (/) is such that d £ R \ {0}, then 

^ l \z) =^W(i), zeK. 

In fact, let 4>{z) := ipWfz). <p and have the same divisor; consequently, there 
exists a constant C such that 4> — Ctp^ l \ Comparing the leading coefficients of 
the Laurent expansion of these functions at 00 (°>, we conclude that (7 = 1. 

Given an arbitrary function F(z) which has in a neighborhood of infinity a 
Laurent expansion of the form F(z) = Cz k + 0(z k ^ 1 ) : C ^ 0, and k € Z, we 
denote 

F := F/C. 

(For simplicity in writing, we write F^ instead of the more appropriate Fj, l \) 
C is called the leading coefficient of F. When C £ R\ {0}, sg(F(oo)) represents 
the sign of C. 

In terms of the branches of V' , f ne symmetry formula above means that 
that for each k = 0, 1, . . . , m 

^ i) :I\(A l UA w )^l (24) 

(Ao = A m+ i = 0); therefore, the coefficients (in particular, the leading one) of 
the Laurent expansion at 00 of these branches are real numbers and sg(ip^ (00)) 
is defined. It also expresses that 

4' ( k\x±) = ^\x T )=^l 1 (x ± ), x£A k+1 . 
For any fixed multi-index n = (ni, . . . , n m ), set 

n' := (nx, . . . , nj_i,nj + 1, n i+ i, . . . , n rn ) . 
In [7] (see also [5]) the authors prove 
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Proposition 3.2. Let S = Af* (<ti , . . . , a m ) and A C Z" l (©) be a sequence 
of multi-indices such that for all n € A and some fixed I G {1, . . . ,m}, we 
have that n' € Z" l (©) and n\ — n m < C, where C is a constant. Let {q„.k — 
^n,fcQn,fc}feLii 11 € A, be the system of orthonormal polynomials defined in (\21\i 
and {-Kn,fe}feLi.) n ^ ^ e va ^ ues given by <\20\i . Then, for each fixed fc = 
1, . . . , m, we have 

lim ^ = «W , (25) 



1^ 

n£*A if n k 



lim §^ = 4° -4° . (26) 

lim = «L *f (*)> * C C \ suppK) , (27) 

"GA q n ,k\z) 



and 



where 



: M 4° m /(if^'M, fc = l,...,Z, 

fe " O^T' Cfe "lFf(oo), fc = Z + l,...,m, (28) 



v— k 



( c o° = c ™+i = !) a7ld 



4 Proof of Theorem 11.11 

When / = 1, it is possible to find an algebraic function tp^ satisfying 

rn 

n4 1) (°°) = 1 » C!eM\{0}. (30) 

fc=0 

Let (a,b)k denote the interval (a,b) on the sheet IZk- We distinguish two cases. 
Suppose that Ai = [ai,6i] is to the left of A2 = [02,62]- Take ip^ verifying 
([231) with Ci = lim^oo z%p^\z) > 0. Because of (JM]), the restriction of 
to (— oo,ai]o U (— oo,ai]i establishes a bicontinuous bijection onto the interval 
(—oo,0) of the real line. It follows that ip^[\x) — > — 00, x — > —00, a; € R, which 
means that C* 2 > 0, and V^ 1 ' (00) > 0, fc = 2, . . . , to. Therefore, ]\™ =Q (°°) > 
0. If Ai is to the right of A 2 , take satisfying (gSD with C x < 0. Now, the 
restriction of ip^ to +oo) U [61, +00)1 establishes a bicontinuous bijection 
onto (—oo,0). It follows that ipi (x) — > —00, x — > +00, x S M, which means 
that C 2 < 0, and V^M > 0, fc = 2, . . . , m. Again, n^Lo V^M > 0. 

Throughout the rest of the paper, when Ai is to the left of A2, we will select 
tp^ so that sg(i/'^. 1 ' ) (oo)) = 1, for all fc = 0, . . . , m. If Ai is to the right of A2, 
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we will take ip^ so that sg(V>o (°o)) = sg(^> x (oo)) = —land sg(ip^' (oo)) = 1, 
for all k = 2, . . . , m. 

In general, for any I £ {1, ... , m} and tp"> verifying (|23|) . we know that 

m 
i/=0 

Let A C Z™(©;pi, . . . ,p m ) be an infinite sequence of distinct multi-indices 
such that m — n m < C, n S A. According to (|25| - ([29|) . for each fixed j > 0, 

,. Qn J + 1 { z ) ~(i), . Sg(^ X) (00)) ^^,n\ / \ /o-n 

J , , =F X ^(^)= m " m =:y (^), if C C \ supp <7i . (31 

"GA Qn^) c^Vo ( Z ) 

(Notice that d3DJ) implies that Y\7=o ^ ( z ) = 1-) 
Using CEO]), 

Set 

JV 

Ai = Ei A «Hii) _1 - 

At least one of the numbers in the sum is 1 so A* is finite. Define 

N O N 
A*O n = ^A* J .^ ) ^|A^| = 1. (32) 

3=0 ^ no 3=0 

Because of (f3~Tj) and (j3"2")) , the family {A* f2 n }, n 6 A, is normal in C\supp(<7i), 
and any convergent subsequence {A* £! n }, n 6 A' C A, converges to 

N 

lim X* n n n {z) =p A ,(tp (z)) = y~]\j<pb{z) , K C C\supp(oi) . 

3=0 

That is, pa' (w) is a polynomial of degree < N, not identically equal to zero 
since XljLo I'M = We wm show that pa' does not depend on the subsequence 
taken. This implies the existence of limit along all A. To this aim, we will 
uniquely determine N zeros of p\> . 

Let z\ be one of the zeros of p\ ■ ■ ■ p m and T\ its multiplicity. Using (|12[) and 
the Weierstrass theorem, it follows that 

(;PA'°(A)) (,) ^i) = 0, i = 0,...,ri-l. 
Since ip is one to one in C \ Ai, we conclude that pa.'{w) is divisible by 

(w - Lp {zi)) Tl . 
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We will detect the rest of the zeros of p\>(w) in virtue of (TTSJ). Consider the 
sequence {A* i?„, fc _i}, n e A'. From $T0j), |TT]) and (TT61) 

AT 

A*i? n ,fe_l(^) =^A* J * nj ,fc-l(^). 
.7=0 

Multiplying this equation by £no,fc-i-^n ,fc_iQno,fc-i/Qno,fc and using the defi- 
nition of /i n ,fc, we obtain 

A* £n ,fc- 1 , fc_ i (Qn , fc- 1 An, fc- 1 ) (z) 
^n ,fc-X Qn ,fe-x(z) Qn ]: k{z) £n ,fc- 



From p5 |) -([27 ]) . for each j > and k = 2, . . . , m, 



n£A' 



n j + 1 ,fc-l Qn j + 1 ,fc-l(*) Qn J( k(*) ( K W •••4 1 2 1 ) 2 ^1\W ' 

uniformly on compact subsets of C \ (supp(<7fc_i) U supp(ofc)). On account of 
(|28p and the expression of the functions i 7 "^, 



F fc (1) W = sgjyg 1 (oo)) 



(^fe_i(z). (33) 



Let us consider the ratios £nj + i,k/ s n4,kj k — 1, . . . , m — 1, j > 0. Recall that 
£n,k is by definition the sign of the measure H nt k(x)dak(x) j ' (Qn,k-iQn,k+i)(x) 
on Afc. Notice that for each fixed k — 2, . . . , m the polynomials <5n ,fc have 
the same degree for all j > 0; therefore, they all have the same sign on any 
interval disjoint from On the other hand, the polynomials Q n ,i have 

degrees that increase one by one with j. Hence, if Ai is to the left of A2, all the 
polynomials Q nj ,i have the same sign on A2 whereas, if Ai is to the right of A2, 
the sign of these polynomials alternate on A2 as j increases one by one. Taking 
these facts into consideration, it is easy to see that for all j > 0, the measures 
H nj ,i(x)dax(x)/Q a .2(x) = dai(x)/Q nj ^(x), have the same sign; therefore, for 
all j > 0, £n J+ i,i/£nj,i = 1 and the functions H nj 2 have the same sign on A2 
(see ([T5])). Hence, the measures H nj :2 (x)da2(x) / (Q nj t iQ nj ^(x) have the same 
sign if Ai is to the left of A2 and alternate signs as j increases when Ai is to 
the right of A2. Thus, for all j > 0, £ n +i ,2/£n ,2 = 1 when Ai is to the left of 
A2 and Ejij+i, 2/^3,2 = — 1 when Ai is to the right of A2. By the same token 
(see (fT5)l ). for all j > the functions H n 3 have the same sign on A3 when 
Ai is to the left of A2 and alternate sign when Ai is to the right of A2. From 
now on the situation repeats and for each fixed fc = 2, . . . , m — 1, and all j > 0, 
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£n J+1 ,k/£ nj ,k = 1 when Ai is to the left of A 2 while e nj+1 ,k/£ nj ,k = -1 when 
Ai is to the right of A 2 . 

Let 6=1 when Ai is to the left of A 2 and 6 = — 1 if Ai is to the right of 
A 2 . Using (TJ2) and ([2% l) -(f2"g |) . it follows that 



,2 Qiio,k-l{z)Rxi,k-l{ z ) 
"6 A Qn ,k{Z) 



lim A*£ no , fc _i^ 



V(*-6i)(*-oi) ^ J 



1 v-W 



(34) 



x l ,_ bk _ l)(z _ ak _ l) E J= o AiC^-rV (z) , k = 3, . . . ,m , 

_ 7 =i_ ? , A ,(^(,)), fc = 2) 

-7= — = — 2= =p A /(<fy5 fe _i(z)) j fe = 3,...,m, 

y/ (z-6 fc _i)(2-a fc _i) 

uniformly on each compact subset if of C \ (supp(<7fc_i) U supp(cjfc)). 

Let Zfe be one of the zeros of pu - ■ ■ p m , k = 2, . . . ,m, and r k its multiplicity. 
Using (fM)) . (fTB")) , and the Weierstrass theorem, it follows that 

(pA'O^i) (i) (^) = 0, * = 0,... J 75-1, 

and 

(p A ' o (<fy?fe-i)) W (-Zfc) = 0, i = 0, ...,T fe - 1, fc = 3, ...,m. 
Since <^fe-i is one to one in C\ (Afc_i U A&), we conclude that p\'(w) is divisible 

by 

(w - ip 1 (z 2 )) T2 , 

and 

(w - dipk-i(zk)) Tk , fc = 3, ...,m. 
Therefore, the following sets are formed by zeros of pa'- 

Zq := {(fio(zi) : z\ is a zero ofpi • • -p m } , 

Zi := {(pi{z 2 ) : z 2 is a zero ofp 2 • • -p m } , 

Z k := {<5(y5 fc (z fe+ i) : z k+1 is a zero ofp fc+ i • • -p m } , 2 < k < m - 1 . 

Assume first that 5 = 1. Recall that in this case we selected ip^ so that 
sg('0fc 1 ' ) (oo)) = 1 for all < k < m. Therefore the functions tpo, ipi, 5ipk, 2 < k < 
m — 1, are the first m branches of 1/cj 1 'ip^. If 5 = —1, since tp^ was chosen 

so that sg(V'o 1 ^( 00 )) = s g(/0i (°°)) = —1 and sg^j^oo)) = 1,2 < k < m, 
the functions ipo, tp\, Stpk, 2 < k < m — 1, are now the first m branches of 

-l/c 1 1 V (1) - In 

any case, since ip^ '■ 7^ — * C is bijective it follows that the 
zero sets Z k ,0 < k < m — 1 are pairwise disjoint. Therefore, we have detected 
TV = deg(pip 2 • • -p™) zeros (counting multiplicities) of the polynomial pa' and 
their location does not depend on the subsequence A' C A. 
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Let 

Ik 

(Pk ■ ■ -Prn)(z) = Y[( Z Z k,v) Tk ' V , 
v=\ 

where {zk,i, ■ ■ ■ , z k ,i k } are the distinct zeros of pk • ■ -p m - Then 

2 Ik m l k 

fe=li/=l fc=3w=l 

where c is uniquely defined by the conditions that it is a positive constant such 
that the sum of the moduli of the coefficients of p\> must equal one; moreover, 

< c = lim A* < oo . 
Consequently, uniformly on each compact subset A'cC \ supp(cri), 

lim R ^ 



Qn ( z ) 

2 l k m l k 

n n>°^ - tpk-iMY"-' n - ^-imv^ . ^ 

fe=li/=l k=3v=l 



From ([25]) and (|27|). it follows that 

l im ^iif) = ( 2 ))dog(P2- Pm ) . . . ( z ))dcg(p m ) _ (36) 

n6A Q no {z) 

Combining ((35]) and (|36j) . we get 



lin J = ^foPi) ■ ■ ■ .Pm) , X C C \ supp(oi) 



where {(fo{z) = ^i^O 2 )) 



F(z;pi,...,p m ) = H[ — — 11 1 



X 



nn 



k=3 v=l 

Let us simplify the expression above. From the definition of the functions 
ifk, and taking into account that S = sg(4>^ (oo)), it follows that 
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It is easy to see that for I > 2 the following equation holds: 



i i a 



(l-i) 
o 



(37) 



where 



^d) ( z ) = C i 1) /z + O(l/z 2 ), z-foo^ 



^-%) = C# _1) /* + G(l/z 2 ) , * ooW . 
For fc > 3 (recall that n^ILn ipl^i 00 ) € {~ 1, 1} when I > 2), we have that 



Thus 



From ([57]). it follows that 



(38) 



Therefore, 



It is straightforward to check that 

4 fc - i} gr i} sg^r^oo)) 

Evaluating (|37[) at z^, ^ we obtain 

1 1 cf" X) 



(39) 
(40) 



Assume that Ai is to the left of A2, then <5 = sg(^Q 1 '' (00)) = 1. From 
39}, gO]), and igTJl, we find that 

(po(z) - ^fe-i(zfe^) _ _ V>o ( z ) 



(41) 
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If Ai is to the right of A 2 , then S = sg(^ X) (oo)) = -1. Applying ([38 ]) -([4l] ) . we 
obtain again 



Therefore, 



u=l V Z / fc=2*=l\ V'fc-l (^)/ 

(42) 

(We did not substitute iy9o in terms of ^ (see (JSU) in the first group of products 
for simplicity in the final expression.) 

We have proved © on compact subsets of C\supp(tri). Using the maximum 
principle it follows that the same is true on compact subsets of C \ supp(oi). 
Notice that T is analytic and has no zero in C\ Ai. For all n € A, degQ n = |n|, 
supp(oi) is an attractor of the zeros of {Q n },n S A, and each point in supp(<7i)\ 
Ai is a 1 attraction point of zeros of {Q n },n € A; therefore, the statements 
concerning deg Q n and the asymptotic behavior of the zeros of these polynomials 
follow from ((3|), on account of the argument principle and the corresponding 
behavior of the zeros of the polynomials Q n described in Proposition 13. II 

In order to prove the last statement, let us assume that the polynomials 
Pk, k = 1, . . . ,m, have real coefficients and A C Z™(©). Notice that in this case 
the polynomials Q n are the multiple orthogonal polynomials with respect to the 
Nikishin system N(pi<J\, . . . ,p m (r m ) generated by real measures with constant 
sign. Thus, Proposition 13.21 can be applied to them. Given A we construct the 
auxiliary sequence A(o) as follows. To each n = (tij., . . . ,n m ) € A we associate 
n<> = {ni, ri2— deg(p2), ■ ■ ■ , n m — deg(p2 ■ ■ ■Pm)) (we disregard those multi-indices 
in A for which a component of n would turn out to be negative, according to 
the assumptions on A there can be at most a finite number of such n). It is 
easy to see that A(o) c Z™(©;pi, . . . ,p m ). 

Choose consecutive multi-indices running from n to n so that each one of 
them belongs to Z™(©). We can write Q n /Qn as the product of quotients 
of the corresponding monic multiple orthogonal polynomials. The same can 
be done with <5 n /Qn - According to (|25|) and (|27| . there exists an analytic 
function G(z) in C \ Ai, which is never zero, such that 

li m 9A^L = i im 2^ =G(z), KcC\ su PP ( ( t 1 ) . 

Since _ _ _ 

Qn(z) _ Q a (z) QnAz)Qno(*) 
Qn(z) Q no (z)Qn.(z) Q a (z) ' 

using Theorem 11.11 on the ratio in the middle and the previous limits on the 
other two ratios, the last statement readily follows. □ 
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We can easily extend the main result to the more general case when the 
perturbation on the initial system is carried out by rational functions. 

Corollary 4.1. Let S — M*(a±, . . . , o~ m ). Consider the perturbed Nikishin sys- 
tem A/ (£i<Ti, . . . , —a m ), where pk, qk denote relatively prime polynomials whose 
zeros lie in C \ U^^Afe. Let A C Z™(©;piqi, . . . ,p m qm) be a sequence of dis- 
tinct multi-indices such that for all n G A, n\ — n m < C, where C is a constant. 
Let Qn be the monic multiple orthogonal polynomial of smallest degree relative 
to the Nikishin system jV(|^<ti, . . . , 2p-er m ) and n. Then 

,. Qn(z) J r (z;p 1 ,...,p m ) — 

lm l7TTT = T7 7' Kc c \supp(oi). (43) 

neA Q n (z) F(z;qi,...,q m ) 

For all sufficiently large |n|,n G A, degQ n = |n|, supp^) is an attractor of 
the zeros of{Q n }, n G A, and each point in supp(cr 1 ) \ Ai isal attraction point 
of zeros of {Q n }, n G A. When the polynomials pk, qk, k = l,...,m, have real 
coefficients, the statements remain valid for A C Z™(©). 

Proof. Notice that AA(|Vi, . . . , ^a m ) = Af(jffiai, Q^m). whcrc 
q k denotes the polynomial obtained conjugating the coefficients of qk- Let Q* 
be the nth monic multiple orthogonal polynomial with respect to the Nikishin 
system Af(j^r, . . . , ) generated by measures with constant sign. 

Using Theorem II .11 

lin i TTTTT" = FfaPiQn ■ ■ ■ >P™9m) > ^ C C \ supp(cri) 
and, considering the last remark of the same theorem, we also have 
lin } 7777"! = ^( 2 ! 3i<h, • • • > W m ) - AT C C \ supp(cri) . 

neA 

On the other hand, 

■^(zjPigi, ■ ■ ■ ,p m q m ) _ F(z;pi, ■ ■ ■ ,p m ) 
T{z\ q{q Xl . . . , q m q m ) F{ z \ Qi, ■ ■ ■ i 9m) 

because in the products defining the functions on the left hand side all the 
factors connected with the zeros of the q k cancel out. Consequently, (|43|) takes 
place. The rest of the statements of the corollary are proved following arguments 
similar to those employed in the proof of Theorem 11.11 □ 
The previous results allow to derive ratio asymptotic for the multiple or- 
thogonal polynomials of our perturbed Nikishin systems. 



Corollary 4.2. Let S — N*(o~\, . . . , o~ m ) Consider the perturbed Nikishin sj/s- 
tem N(^o~i, • • • , —o~ m ), where pk,qk denote relatively prime polynomials whose 
zeros lie in C\U^ =1 A&. Let A C 17?(®;p\q\, . . . ,p m qm) be a sequence of distinct 
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multi-indices such that for all n 6 A and some fixed I G {1, . . . ,m}, we have 
that n L € Z™(©;pig/i, . . . ,p m q m ) and m — n TO < C, where C is a constant. Let 
Q n &e £/ie monic multiple orthogonal polynomial of smallest degree with respect 
to the Nikishin system J\f(^ai, . . . , ^-Cm) and n. Then 

l im 2^ - lim = KcC\ suppftri) . 
Proof. Since 

QnKf) = Qn'( z ) Qn'( z ) Qn(f) 

Q n (z) " Q„«(*) Q n (z) ' 

the result follows immediately applying Proposition 13.21 and Corollary [JT] □ 

5 Relative asymptotic of second type functions 

Let Q n be the monic polynomial of smallest degree satisfying ©. Set 

*n,o(*) := Qn(z) , 

*n,k{z):= f ^^- p k (x)da k (x), l<k<m. (44) 
7 z-x 

Lemma 5.1. If nj > deg(pj+i ■ • -p m ), j = l,...,m — 1, i/ien Rn,k{z) — 

{Pk+l ■ ■ ■Pm)(z)^ Ill k(z) ) Z £ C \ SUpp((Tfc), k = 0, 1, . . . ,m, (i? n ,m = \&n,m)- 

Proof. We proceed by induction on fc. The case k = is trivial since 
by definition, -R n .o( z ) = • • '2>m)(2)Qn(z). Assume that the result holds for 
fc — 1, and let us prove it for A:. We have 

o /vv / ViW ^ / \ / j,t-lM(Pf'Pm)M , , . 

Rn,k( z ) = / acr fc (x) = / ao-fe(x) = 

J z — X J z — X 

(Pk+l ■ "Pm)(z)*ni(z) + J ^n,k-l(x)l{x)p k (x)da k (x) , 

where l{x) is a polynomial of degree deg^+i • • ■ p m ) — l. Now, for k < k+r < m, 
the functions ^n.fc satisfy the orthogonality relations (see in [6] that the proof 
exposed there is valid also for complex measures) 

^n,k-l{t)t U d(pkO-k, ■ ■ ■ ,Pk+rO-k+r){t) = 0, V = 0, . . . , Tlk+r ~ L 

In particular, J $ ' a ,k—i(t)t 1 ' Pk{t)do~k{t) = if v < rife — 1. Thus, since we are 
assuming that n& > deg(pfc+i • • -pm), we get that 

*n,fc-i(a;)^(a;)Pfc(a;)dcrfe(a;) = 
and the result follows. □ 
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Remark 5.1. The condition n k > deg(pk+i ■ ■ -Pm), k = 1, . . . ,m — 1, is awto- 
matically satisfied by the components of multi-indices n tuii/i norm sufficiently 
large that belong to a sequence A C Z!?(®;pi, ■ • • ,p m ) si/cft i/iat /or aZZ n £ 
A, ni — n m < C, where C is a constant. In fact, it is satisfied for all n €E 
Z™(©;p!, . . . ,p m ) such that n rn > 1. 



Now, we need to introduce some notations. Let 
4 ■= 



1, if Afc is to the left of A^+i 
-1, if Afc is to the right of A^+i 

For k > 2, set 

r -44-i, if l>k+l, 

A M := I 4-i, if le{k-l,k}, 

[ 1, if l<k-2. 

If fc = 1, 

1, if Z = l, 



Al <' : ~ \ -4 if / 2. 
Lemma 5.2. For any n, n ( S Z+(©) 



n ! ,fc 



£n.fc 

' 2 — 1 



II A M- ( 45 ) 



Proof. By definition, e nt k is the sign of the measure 



H„,k(,x)dcr k (x) 



Qn,k-l(x)Qn,k + l(x) 

supp(crfe). We will denote by sign(/, A) the sign of a function / on the interval 
A. Thus 

£ n'k . , H n l k Q n k-lQn,k+l . . . . 

- — = Si s n (jr—F] n ' Afe) ' (46) 

If I > k — 1, since deg(Q n ! fc _ 1 ) = 1 + deg(Q n! fc_i), we have that 

sign(Qn,fc-i/<2 n ',fc-i» Afc) = 4-i , (47) 
and if I < k — 2, since deg(Q n i k _ x ) = deg(<5 n ! ,i;-i), we obtain 

sign(Q n ,k-i/Qn',k-i> A fe) = 1 • ( 48 ) 
By similar arguments, we know that for I > k + 1, 

sign(Q„,fc + i/Q n i, fc+ i, A fe ) = -4 , (49) 

and if £ < fc, 

sign(<9„,fc+i/Q n !, fe+ i, A fc ) = 1 . (50) 
Finally, from (fT8|) it follows that 

W H a , fc _ 1 (t)d<7 h _ 1 (i) 



Q n i.fc-2( t )'9„' fc(*) 



H n ',k( x ) _ l^-i 

H nk (x) ~ r Ql.k-iW g„, fc -i(t)d CTfc _i(t) 

JA fc _i a;-t Q„, fc _ 2 (t)Q n ,fc(t) 
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Therefore, 

sign(ff nIifc /ff n , fc , A fc ) = . (51) 

En,k-l 

From (I46p - ((5T|) we conclude that 

£ n'.k a e n ; .fc-l 

= A fcji ■ . 

£n,k £n,fe-l 

Since H n i i = -ff n ,i = <3n ! ,o = Qn,o = 1, we have that £ n i i is the sign of 



ujj.1, ui^im, q^ 1 ^!) on ana - en -! ^ s ^ ne s i§ n °f ^ ne measure q" 1 ^) —a.- 
Therefore, we have f|45[) . □ 

Definition 5.1. We define the following functions 

Ci Wk-i\ z ) 

Notice that ^i-i = Vk-i, where ifk—i was previously defined in (J33]) . 

Theorem 5.1. Let S = J\f*(ai, . . . , a m ) and A C Z+(©;pi, . . . ,p m ) &e « se- 
quence of distinct multi-indices such that for all n S A, ni — n m < C, where C 
is a constant. Then, for each k G {0, 1, . . . , m} 7 

I™ ^' k \ Z \ =G k (z;p ll ... ,p m ) , if C C \ (supp(cr/c) U supp(cr fe+ i)) , (53) 

where Gk is analytic and never vanishes in the indicated region. For each 
k = {0, ...,m— 1} and all sufficiently large |n|,n € A 7 f n ,t has exactly 
N n ,k+i = nk+i + • • • + n m zeros in C \ supp(crfc), supp(cjfc+i) is an attractor of 
the zeros of {^n.fc}, n £ A, in i/iis region, and each point in supp(ofc + i) \ A^+i 
is a 1 attraction point of zeros of {^n^jjn £ A. When the coefficients of the 
polynomials p^, k = 1, . . . , m, are real, all the statements above remain valid for 
A C Z™(©). An expression for Gk is given in (|5 ffil - f57| ) below. 

Proof. For k = 0, (f53"|) is ([3]) since ^ n = Q n and 'JVo = Q n ', therefore, 

G (z;pi, . . . ,p m ) = T(z\pi, . . . ,p m ) . 

By (l34|) . we know that 

,. A*£ no ,fe_i^ fc _ 1 (Qno,fc-l-Rn,fc-l)(^) 

nm 7=; r^; = 

neA Qn ,k(Z) 

?Pa{<Pi{z)), fc = 2, 



^/(z-6i)(z-oi) 
a/ (z— 6 fc _i)(z-a fc _i) 



PA(^fe-l(^)), fc = 3, . 
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uniformly on compact subsets of C \ (supp(erfc_i) U supp(<7A;)). Also, see 

1 

"SA - ' ^{z-b k ~){z-a k ^) 
Thus, since lim ne A A* = c, we conclude that 



lim e nQ ,k-ihn„,k(z) = 7 ==== = , K C C \ supp(cr fc _i). 



,. Rn.k-l(z) ,. 2 (Qn ,k-lRn,k-l)(z) 

lim — — ■ = lim K n t_i — — — — 

neA W aQ ,k-l{z) nGA °> {hn ,kQiio,k){z) 



Pa(<Pi(z))/c, k=2, 
Ph{8ip k -i{z))/c, k = 3,...,m, 

uniformly on compact subsets of C \ (supp(crfc_i) U supp(afc)). 

Recall that = (n a - deg(p 2 • ■ -Pm) + 3, ™2 - deg(p 3 ■ • -p m ), . . . , n m ). It is 
easy to see that 

*n ,fc-l _ Qa ,k Qnj,k-1 £n ,fc-l^n ,fc £ nj,k-l ^n,,fe-l 



^n^fc-l Qiij.k Qn ,k-1 Sn^k-lhnj^k £n 0: fe-l K, 



nQ,fe- 1 



From this expression, applying Proposition 13.21 and we obtain that the 

following limit holds uniformly on compact subsets of C\(supp(<7fc_i)Usupp(<7fc)) 



fc- 

Now, from (J28J) and (|29]l. we have 



,. *n 0l fc-l(«) / a a uY F fe-l( Z )V, (1) (1) x2j 



and from (|28 



Thus, 



?(!) (V s ! (i) 



^1 K k-l) — C l (l) ' 



n£A W ni ,k-l(Z) 

Set 

S fe := (A fc _ M • • • Ai ! i) dcg(p2 "' Pm) • • • (A fc _i, m _i • • • Ai im _i) dcs(Pm) . (55) 

Using the same arguments above, on an appropriate consecutive collection of 
multi-indices, one proves that 

*n ,fc-l(z) _ T-r 1 



lim y "o.fc-U^; = Sfe TT 
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uniformly on compact subsets of C\ (supp((7k_i)Usupp(!7fc)). Therefore, writing 

Rn.k-l(z) _ RnM-l(z) ^ no ,fc-l(z) 
#n,k-l(z) ~~ 1Wfc-lO) #n,fe-l(z) ' 

using the expression of p\ , applying (|54p and Lemma 15.11 for k — 2 we get 
*n,l(*0 n TT, f_\ i ^^T 1 „ A / 1 ^lW " ^lfe) 



um -f^f> = s 2 - ¥>o(zi,,)r- n (- 

' x ' u — 1 zy— 1 r \ y . 

nn r" 1 ;^ 1 ) 1 " < 56 > 



J=3 !/=l 

uniformly on compact subsets of C \ (supp(<7i) U supp(<72)), and for k > 3 we 
obtain 

hn lW TT = " fc 11 ( S( Pk-i(z )-ip {z 1 . v )) ^ M I 

5ip k -i(z) - Sip k -i{z k ^)\ Tk - v tt tt fStp k -i{z) - 6ifj-i(zj tV )yi.» 



(57) 



uniformly on compact subsets of C \ (supp(<Tfc_i) U supp(<7fc)). Therefore, (|53p 
is proved. 

From the expression of the limit functions one sees that Gk does not vanish 
in C\ (supp(crfe) U supp((jfe + i)). The statements concerning the number of zeros 
of ^n,fc for k £ {0, . . . , to — 1} and their limit behavior follows at once from 
(|53p . on account of the argument principle and the corresponding behavior of 
the zeros of the polynomials Q n .k+i described in Proposition 13.11 Recall that 
the zeros of Q n ,k+i are those of ^ nyk in C \ supp(afe). 

Now, let us assume that the coefficients of the polynomials pk are real and 
Ac Z™(©). Since 

^n'.fe-l _ Qn',k Qn,fc-1 £ n' ,k-lh-n> ,k £n,/c-l ^n,fc-l 
*n,fe-l Qn,fc Qn ! ,fe-1 £n,k-lh n ,k £n',fc-l ^n',fe-l 

applying (|2T))) . (f2"T)l . (f2"2")) . and (|4"S")) . we conclude that the ratio asymptotic 
lim " ,k ~ 1 j Z } , K C C\ (supp(cr fe _i) Usupp(cr fe )) , 

n£A W n ,fe_l(z) 

holds and the limit does not vanish in the indicated region. 

Since each measure p k &k is real with constant sign, we can define the poly- 
nomials Q n ,k, 1 < k < 777, as the monic polynomials of degree iVn.fc whose 
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simple zeros are located at the points where ^ n>k -\ vanishes on Let 
Qn,o = Qn.m+i = 1- We also introduce the associated notions 

H n ,k ■= — , k = 1, . . . ,m+ 1 , (58) 

Qn,k 

e n , k as the sign of H n ^(x)p k (x)da k (x)/Q n:k ^ 1 (x)Q nyk+1 (x) on supp(cr fc ), and 

(~ v -1/2 

f fti , ^n,kH n , k {x)p k (x)da k (x) \ 
/ Q ^k(x)—pc TT?t —— ■ ( 59 ) 

The formulas (|2"6")l . (f2"T)) . (12"2")) and (jlS")) are independent of the orthogonality 
measures, hence 

,. ^n'.fc-lO*) *n',fc-l(^) 
hm — = hm -— . 

n£A *n,fe-l(z) neA *n,fc-l(z) 

Applying the same argument used in the last two paragraphs of the proof of 
Theorem ITTTl we conclude that (J53j) is valid for A C Z!£(®). 

The rest of the statements regarding the zeros of ^n.fc and their limit be- 
havior follows as in the case of polynomials with complex coefficients. □ 

Corollary 5.1. Let S = N*{a\, . . . , cr m ). Consider the perturbed Nikishin sys- 
tem Af{^a\, . . . , l^oVn), where p k ,q k denote relatively prime polynomials whose 
zeros lie in C \ Uj^Afc. Let A C ZT(©;pigi, . . . ,p m q m ) be a sequence of dis- 
tinct multi-indices such that for all n G A, n\ — n m < C, where C is a constant. 
Let Q n be the monic multiple orthogonal polynomial of smallest degree relative 
to the Nikishin system A"(— a \, . . . , —o~ m ) and n, whereas ^n.fcj < k < m, de- 
note the second type functions defined in l\44h with p k replaced by p k /q k . Then, 
for each k 6 {0, . . . , m}, 

^n,k\z) G k (z;pi, . . . ,p m ) 

lm }m — rr = r> K c C\(supp(cr fc )Usupp(cr i;+ i)) . (60) 

neA^ n ^ k (z) & k (z;qi,...,q m ) 

For each k — {0, . . . ,m — 1} and all sufficiently large |n|, n G A, f n t has ex- 
actly N n k+ i zeros in <C \ supp(<7fc), supp((Tfc+i) is an attractor of the zeros of 
{^n.fc},!! £ A, in this region, and each point in supp((7fc+i) \ A. k+ i is a 1 attrac- 
tion point of zeros o/jvE'n^}, n e A. When the polynomials p k , q kl k = 1, . . . , m, 
have real coefficients, all the statements remain valid when A C Z™(©). 

Proof. We consider the auxiliary Nikishin system 

01 o-„ 



Si := Af 



kll 2 '"*' \<ln 



and define the related second type functions 
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(z) ._ 1<k <m 

where Q* denotes the multiple orthogonal polynomial associated to S± and n. 

Notice that if we perturb the generator of system Si multiplying the fc-th 
measure by the real polynomial \q% | 2 we get the generator of the original Nikishin 
system S. Thus, applying Theorem 15. 1[ we obtain that for all k S {0, . . . , m} 

lin l vr,"'*'^ = Gfe ( z; l^ 1 ' 2 ' ' ■ ■ ' \<l™\ 2 ) ' K c C \ (supp(a-fe) U supp(cr fc+ i)) . 
The perturbed system S2 := A/"(^(Tx, . . . , |p-er m ) can be written as 
52 =7V ljJig 11 — [J, . . . ,Pm? OT | if • 

V l<?l| \<hn\ A > 

Therefore, employing the same argument 

lim ^^r\ = • • ■ >Pm<Z OT ) , K C C \ (supp((7 fc ) U supp((7 fc+1 )) . 

We conclude that 

lim ^". fc ( z ) = G k( z ;PiQi, ■ ■ ■ ,Pmq m ) = G k (z;p!, . . . ,p m ) 
neA ^n,k( z ) Gk(z; qiq-t, ... , q m q m ) G k {z; qi, . . . , q m ) ' 

uniformly on compact subsets of C \ (supp(crfc) U supp(<7fc+i)). The statements 
concerning the zeros can be proved as in the case of polynomial perturbation. 

When the polynomials p k , 3fe, k = 1, . . . , m, have real coefficients, it follows 
from Theorem 15.11 that (|60p remains valid for A C Z" l (©). The statements 
concerning the zeros are derived immediately. □ 



6 Relative asymptotics for the polynomials Q n k 

In this section, we will restrict our attention to the case when the polynomials 
Pk,qk,k = 1, . . . , to, have real coefficients (and of course their zeros lie in C \ 
UjJLxAfc). Accordingly, we use the objects Q n ,k, -Hn,fc, K a ^, and s n ,k, introduced 
at the end of the proof of Theorem 15. II (see |58|) and (|59|)). Here, we study the 
relative asymptotic of the ratios Qn.k/Qn.k- 

Lemma 6.1. For any n 6 Z™(©) 

k 

= TTsign(pi,supp(cri)) • (61) 

' l—l 

Proof. By definition e n , fc is thesign of H^ k {x)da k {x)/Q Il ^-i{x)Q^k+i{x) 
on supp(CTfe) and is the sign of H a< k(x)pk(x)dak(x) /Q a< k-i(x)Q nt k+i(x) on 
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supp(crfe). If k = 1 these measures reduce respectively to da\{x) / Q n ${x) and 
Pi(x)do~i(x) /Q n2 (i) . Since Q ni 2 and Q n ,2 are monic polynomials of the same 
degree and their zeros are located in A 2 , which is disjoint with supp(cri), it 
follows that Q n ,2 an d Q n ,2 have the same sign on supp(<7i). Therefore, 

= sign(pi, supp(cri)) . 

£n,l 

To conclude the proof we show that 

- — = sign(p fc ,supp((Tfe))^ . 

£n,fc £n,fe-l 

Notice that Q nt k-i and Q n ,k-i have the same sign on supp(<7fc) by an ar- 
gument similar to the one explained above. The same holds for Q n ,fc+i and 
<3n,fc+i- Therefore 

e n ,fc _ sign(g n!fc ,supp(g fc )) 
£n,fc sign(p fc 7? nifc ,supp(cr fe )) 
By (fT8|) . we know that 

(*)fln, fc _i(t)do- fc _ 1 (t) 

and 

Consequently, 



A fe _x Qa,k-2(t)Qn,k(t) 
i X ~ t <2n,fe- 2 (*)Qn,fc(*) 

sign(i? nife ,supp(f7A ; )) _ e„,fe_i 



sign(7? nifc ,supp(cr fe )) £n,fc-i 

and the claim follows. □ 
We are ready to state and prove 

Theorem 6.1. Let S — Af*(ax, ■ ■ ■ , cr m ) and A C Z™(©) be a sequence of 
distinct multi-indices such that for all n G A, n\ — n m < C, where C is a 
constant. Assume that the polynomials p kl k — 1, ...,m, have real coefficients. 
For each k G {1, . . . , m}, 

lim ® n,k( f \ = F k (z;p\, . . . ,p m ) , K c C \ supp(cr fc ) , (62) 

where T k {z\p\, . . . ,p m ) is analytic and never vanishes in C \ supp(ofc) and 

li m K ^ k = Ui=l si S n (Pi' SW PP( a i)) egg) 

neA K n.k G k (oo; Pl , . . . ,p m ) 
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For k € {1, . . . , m — 1} and z <G C \ (supp(<7fc) U supp^+i)) 



A- 



J 7 k+ i{z;p 1 ,...,p m ) = I I — r, (64) 

f=0 & A°°;Plj ■ ■ • -Pm) 



where Gi(z;p\, . . . ,p m ) is the function given in (|5ff[) . 

Proof. If A C Z" l (©;pi, . . . ,p m ), from (f3"4")l and Lemma T5. 11 we have that 

,. \* 7^2 Qno,k-l(z)(Pk'--Pm)(z)® a ,k-l{z) 

lim A n e n0l fc_iii „ fc _ x tt 

neA Qn ,k{ Z ) 

77 r=7= ?Pa(<Pi(*0), fe = 2, 

— = — = — = rPA(S<Pk-i(z)) , fe = 3,...,m, 

^/(2-6 fc _ 1 )(2-a fc _ 1 ) 

By Proposition [3711 we know that 



(65) 



lim e n , k K* k H n . k+1 (z) = \ K C C \ supp(er fc ) , (66) 

neA [z - b k ){z - a k ) 

where [a k ,b k ] = A k . Formula (|58[) implies 

A*e no ,fe-l^l.fc_lQn ,fc-l(2)(pfc • • ■Pm)(#ni-l(z) 



£n,fe-l-^n,fe-l- ff n,fe(' 2: ) < 3no,fc(^) 
.* £n ,k-l ^n ,fc-l Qn ,fc-l(^) Qn,fc(«) 



n £n,fc-l Kl k _ Y Q„,fc_l(z) Qno,fc(«) 

Using ([65)1 , (|66| , and (|67)) . we obtain 



(Pf'Pm)(z)- (67) 



!™ A n ~ ~- -~ — —-{p k ■ ■ ■p m )(z) 

Pa(<Pi(z)), fc = 2, 
PA^fc-l^)) ) fc = 3,...,TO, 



(68) 



Using the results on ratio asymptotic for the constants K n k , K n k and the poly- 
nomials Q n ,k, Qn,k, it follows that (|68)) is also valid for A C Z™(©). 
Since 

^no,/c- 1 ^no,fc — 1 ^n,fc — 1 

En,/c— 1 £n,fc — 1 £n,fc — 1 

applying Lemma RTTl (|45)l , and (|55)l , we obtain 

fc-i 



£n ,fc-l — 



£n,fe-l . 

2—1 



3 fc Y[ si S n (Pi> supp(o-j)) . (69) 
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We have 



and by (2$ 



K 2 K 2 K 2 

^n.fe-l n,fc-l ^ n ,fc-l 



^2 m-1 



Write 



and 



Notice that 



um °°- fc - 1 = rr («« . . . K w i) -2de g(Pl+1 ... Pm ) 

Qn ,fc-l(z) _ Qn ,fc-l(z) Qa,k-l{z) 
Qn,k-l(z) Qn,k-l(z) Q„,fc_l(z) ' 

Qn.fe(^) Qn,fc(«) Qn,k( z ) 



(2) Qn,k( Z ) Qn ,k{ Z ) 



nSA y nj fe_i(Zj 



<ieflr(p i+ i---p m ) 



i=l 



is Q no , fc (z) l\ [z)) 

From ([21]) and (J25J) it follows that 



( «io...«(o i)9 = _i_«*_i 



(0 

C fe 



Therefore, using (|52|) . we get 



Taking into consideration (|6^ -(|76ll. we conclude that 

hm A n ^ =- -~ — --(p fc • ■ ■p m ){z) 

k — 1 m—1 . x 

c~ fe [] signfo.suppfa)) J] ( VJ W 1 ( 2 r)) d ««(«+i"*») lira k "'< 



neA Q„, fc 



neA K l,k-l Qn<k( Z ) 



27 



provided that the limits on the right hand side exist. 

In Theorem. 11.11 we proved (|62|) for k = 1. Assume that k = 2. Equations 
(EHD and (77) yield 

hmSi^44 

Ph{yi{z))F{z\pi, . . . ,p m ) 

c S 2 sign(pi , supp(a 1 )){p 2 ■ ■ ■ p m )(z) ]JT=i * (^)) dcg(p '+ 1 ' ' ' 
uniformly on compact subsets of C \ supp((T2). Using (I56|) . we have 

PA(fi(z)) =G ( ) 

c~ 2 (pa ■ • n < =i 1 (^ i) w) deB(p4+i -^ ) ' ' ' ' 

Consequently, 

,. -^n,l Qn,2( z ) F{ ) Gi(z;pi, . . . ,p m ) 

lim — — — = ; ; — . 

neA Kl 1 Qn,2( z ) sign(pi,supp(crij) 
Evaluating at infinity, we obtain (T{oo;p\, . . . ,p m ) = 1) 

K n.i Gi(oo;pi, . . . ,p m ) 

lim 



neA K l,i sign(pi,supp(<7i)) 

Therefore, (p3"| and ([M]) are satisfied for fc = 1, since Go = T . 
Define the functions 

T- I \ i- Qn,fc(z) 

Fk{z;pi, . . . ,p m ) := hm — — 

provided the limit exists. From (|57|) it follows that for any > 3 

PA(<Vfc-lO)) 



cE k ( Pk ■ ■ - Pm )(z) n™T 1 (^i(^)) dogfe+i - pm) 

As a consequence, using (|77|) . we obtain that for any /c > 3, 



G fe _i(z;pi, . . . ,p m ) 



,. ^n,fc-l Qn,fc(«) ^fc-l^Pl, . . . ,P TO ) Gfc_i(z;pi, . . . ,p m ) 

inn -t^— — — — = 7— j • 

nGA Bign(pi s SUpp(o-i)) 

Therefore, using an induction process one proves (f62l) - (|64D . □ 

Corollary 6.1. Let S — A/"*(<7i, . . . , cr m ). Consider the perturbed Nikishin sys- 
tem J\f(^a\, . . . , ^-(T m ), where p k , q k denote relatively prime polynomials with 
real coefficients whose zeros lie in C \ Uj^A/c. Let A C Z" l (©) &e a sequence 
of distinct multi-indices such that for all n G A, n\ — n m < G, where C is 
a constant. Let Q n .fc, I < k < be the monic polynomials of degree N njk 
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whose simple zeros are located at the points where ty n .k-i vanishes on where 
^n.fcjO < k < to, denote the second type functions defined in §44h with pk re- 
placed by Pk/qk- Let K n k, 1 < k < m be the constants defined in i59\i , with pk 
replaced by Pk/qk- Then, for each k G {1, . . . , to}, 

lim j: -r-r = —, r , K C C \ SUpp(cr fe ) , (78) 

and 

,. K l.k 77 . , , , ,,G k {oo\qi,...,q m ) 

hu l 17T- = 11 S1 § n W <lu SU PP s ■ (79) 

neAK Lk fJi G k [oo;pi,...,p m ) 

Proof. By Q* k denote polynomials associated with to the auxiliary Nikishin 
system N{o~\/qi, . . . , o m /q m ), corresponding to the indices n, k. On account of 
Theorem 16.11 we have that 

lim ^"' fc ! Z l = Fk&Pl, ■ ■ ■ ,Pm) , K C C\ supp(cr fc ) . 
nGA Qn,k( z ) 



and 



lin J ^"' fc ^l = ^kiz; qi,..., q m ) , K C C \ supp(er fe ) 

neA Qn,k( Z ) 



Therefore, (|75|) is obtained. Using the same idea, (|79p follows from (|63l) . □ 



Remark 6.1. Theorem \5.1\ and Corollarv \5.1\ allow to define polynomials Q n .k, 
fc = 1, . . . ,m, in the case when pk, qk have complex coefficients as those monic 
polynomials which carry the zeros of^-^ k-i which lie in C\Afc_i. For such poly- 
nomials Qn.k, results analogous to those expressed in Theorem \6.1\ and Corollary 
\6.1\ can be proved. 
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